Abstract. Let K and L be two number fields. On page 103 of [2] , Iwasawa proved a theorem about Hecke characters of K with values in L under the assumptions that K is Galois over Q, K is a CM -field and K ⊆ L. In this paper, we remove these hypotheses.
Introduction
Let K and L be two number fields. There is a natural group morphism which associates to a Hecke character of K with values in L its infinity-type. In [2] , Iwasawa proved a theorem about the image of this group morphism in the case where K is a CM -field which is Galois over Q and K ⊆ L. Our goal here is to remove these hypotheses. This paper is subdivided as follows. After setting up some basic notation in §1.1, we remind the reader in §1.2 about complex conjugations and CM -fields. In §2, we review the theory of idelic Hecke characters. Iwasawa's theorem is formulated in §3 without restrictive hypotheses.
Basic notation and results.
LetQ be an algebraic closure of Q. We will denote Gal(Q/Q) more simply by G Q . By a number field, we mean a subfield ofQ which is of finite degree over Q.
Let K be a number field. If L is a field of characteristic zero, then we let
and we write Σ K instead of Σ K (Q). The ring of integers of K will be denoted by O K and we set E K = O × K to be the group of units of O K . Moreover, the group of fractional ideals is denoted by I K . We have a group morphism N : I K −→ Q >0 , where N denotes the absolute norm of a fractional ideal. Given λ ∈ K × , one has |N K/Q (λ)| = N((λ)), where N K/Q : K × −→ Q × is the usual norm map and (λ) is the principal ideal generated by λ ∈ K × also denoted by λ · O K . We denote the class group of K by Cl K = I K /P K , where P K is the group of principal ideals of K. More generally, one has the The set of principal ideals (λ) where λ ∈ K × (m) is denoted by P K,m ; it is a subgroup of I K,m . The quotient Cl K,m = I K,m /P K,m is the ray class group modulo m. The units of O K inside of K × (m) form a subgroup of E K which is denoted by E K,m and its torsion subgroup is denoted by µ K,m . If m = O K , we recover the usual class group Cl K , the units E K and the roots of unity µ K . It is well-known that both [E K : E K,m ] and Cl K,m are finite for all moduli m of K.
Given a number field K and a place v of K, we let K v denote its completion at v, O v its ring of integers inside K v and U v will stand for O , where π v is a uniformizer at v. The group of ideles with its usual topology is denoted by J K . As customary, we view K × inside of J K via the diagonal embedding. We have the usual continous group morphism || · || : J K −→ R >0 given by
where the product is over all places v of K and the absolute values | · | v are the usual normalized ones so that the product formula holds. Given a real place v of K, we have the signature morphism sgn v :
We then define the continuous group morphism sgn : J K −→ {±1}, by the formula
where the product is over all real places of K. If λ ∈ K × , we have |N K/Q (λ)| = sgn(λ) · N K/Q (λ). An idele x ∈ J K can be written uniquely as x = x 0 · x ∞ , where x 0 is the finite part of x and x ∞ its infinite part. If λ ∈ K × , then |N K/Q (λ)| = ||λ ∞ || = ||λ 0 || −1 , the second equality being true because of the product formula. Given a modulus m of K, we set
is an open subgroup of J K and we remind the reader that any open subgroup of J K contains a J K,m for some modulus m. The link between ideles and ideals is given by the group morphism ι K :
where the product is over all finite places of K and p v is the prime ideal corresponding to v. If x ∈ J K , then N(ι K (x)) = ||x 0 || −1 . Given a modulus m of K, we clearly have ι K (J K,m ) ⊆ I K,m , and this last inclusion induces an isomorphism of groups
At last, we state the following simple lemma whose proof is left to the reader.
Lemma 1.1. Let G be an abelian group and let H be a subgroup such that G/H is finite. Let A be an abelian group without Z-torsion. Suppose we are given two group morphims f i :
1.2. Complex conjugations and CM -fields. The CM -fields play a prominent role in the theory of Hecke characters, so we recall here some of their properties. We refer to §2 of [4] for omitted proofs. A CM -field is a totally complex number field K which is a quadratic extension of a totally real field, usually denoted by K + . Throughout this paper, we let ρ ∈ Aut(C) denote the complex conjugation field automorphism of C. If K is a number field, then an automorphism j ∈ Aut Q (K) is called a complex conjugation of K if there exists a complex embedding ψ ∈ Σ K (C) such that ψ • j = ρ • ψ. A complex conjugation depends only on the place v corresponding to ψ and so might be denoted sometime by j v . Note that a complex conjugation j necessarily satisfies j 2 = 1. Moreover, a complex conjugation is never trivial. We also remark that one can talk about complex conjugations ofQ is a similar way as we just did for number fields. If K/k is a finite Galois extension of number fields such that k is totally real, then every complex embedding of K induces a complex conjugation. In particular, if K is a CM -field, then it is a Galois extension of K + and every complex embedding induces a complex conjugation which leads us to the following characterization of CM -fields. (1) Every complex embedding ψ ∈ Σ K (C) induces a complex conjugation.
(2) The complex conjugations j v do not depend on the places v of K.
If K is a number field containing a CM -field, then it necessarily contains a maximal CM -field, denoted by K CM , because of the following result. Proposition 1.3. The compositum of CM -fields is again a CM -field.
Hecke characters
Our main sources for this section consist of [7] , and also [1] , page 208 and the following.
2.1. Infinity-types. We shall denote the free abelian group on
We will also use the notation λ γ = N γ (λ). We get a group morphism
We remark that G Q acts naturally (on the left) on both Z K and Hom
The next lemma will be useful for proving Proposition 2.2 below.
0 . But then, we getτ
0 ∈ H and we deduce that τ = τ 0 .
Proposition 2.2. The group morphism (1) is injective.
Proof. We use the same notation as in Lemma 2.1. Let γ = τ ∈Σ K n τ · τ ∈ Z K be such that λ γ = 1 for all λ ∈ K × and let us fix τ 0 ∈ Σ K . By Chebotarev's theorem, we can find a non-archimedean place v of N satisfying G v ⊆τ 0 Hτ
, where v also denotes the normalized valuation of N corresponding to the place v. Let us denote by S the set of valuations of K of the form v • τ for some τ ∈ Σ K . Then, for all λ ∈ K × , we have v(λ γ ) = 0 and therefore
Letting w 0 = v • τ 0 , then by the approximation theorem, we can find λ ∈ K × satisfying (1) w(λ) = 0 if w ∈ S and w = w 0 , (2) w 0 (λ) = 0. For this choice of λ, we deduce that n τ0 = 0. Since τ 0 was arbitrarily chosen, we are done.
We will need the following definition. Definition 2.3. Let K and L be two number fields. We define
Our next goal is to extend the group morphism
where the vertical arrows are the natural group morphisms mapping a non-zero element λ of a number field to its principal ideal (λ).
Proof. Let N be the smallest Galois extension of Q inQ which contains both K and L. If τ ∈ Σ K , then we letτ ∈ Gal(N/Q) be a lift of τ to N and we setγ = τ ∈Σ K n ττ ∈ Σ N . We define φ γ :
We remark that φ γ is a group morphism which does not depend on the choice of the liftsτ . Now, we have the usual injective group morphism I L → I N given by extension of ideals and we will identify I L with its image in I N . Our next goal is to show that
Gal(N/L) = I L , but if we choose an integer m divisible by all the ramified primes in N , then (2) (
Since φ γ (a) ∈ I N,mO N , it follows from (2) and the fact that
The uniqueness part follows from Lemma 1.1.
Remark. Let us suppose that we are in the situation where L ⊆ K and K is Galois over L with Galois group H. Viewing H as a subset of Σ K and setting
is just the usual norm map N K/L and φ s H is the usual norm of a fractional ideal of K down to L. In this sense, the group morphisms φ γ can be viewed as generalizations of the relative norm of an ideal.
We note that we now have a group morphism
2.2. Idelic Hecke characters. Let us now endowQ × with the discrete topology.
Definition 2.5. An idelic Hecke character of K is a continuous group morphism µ : J K −→Q × , for which there exists γ ∈ Z K satisfying µ(λ) = λ γ whenever λ ∈ K × .
Because of Proposition 2.2, there is a unique γ ∈ Z K attached to an idelic Hecke character. It is called the infinity-type of µ and will be denoted by γ µ . Since µ is continuous, ker(µ) is an open subgroup of J K and therefore contains a subgroup J K,m for some modulus m of K. Definition 2.6. Let µ be an idelic Hecke character of K. Any modulus m of K satisfying J K,m ⊆ ker(µ), is called a modulus of definition for µ. The smallest one (with respect to divisibility of moduli) is called the conductor of µ and is denoted by f.
The set of idelic Hecke characters H K of K is a group and we have a group morphism δ : H K −→ Z K which maps an idelic Hecke character to its infinity-type. The kernel of this group morphism consists of idelic Hecke characters µ ∈ H K satisfying γ µ = 0; hence, they correspond via class field theory to characters of Galois groups of finite abelian extensions of K. An example of an idelic Hecke character of K which is not in the kernel of δ is provided by the norm idelic Hecke character µ N :
, where x 0 is the finite part of the idele x. Its infinity-type is given by
2.3. The image of δ. Let K be a number field. The infinity-type of an idelic Hecke character of the form µ a N , where a ∈ Z, is given by a · T K . Hence, we always have Im(δ) ⊇ Z · T K . Theorem 2.7. Let K be a number field and let N be its Galois closure insideQ.
(
If K is totally complex and γ ∈ Z K , then γ ∈ Im(δ) if and only if there exists an integer a such that (1 + j)γ = aT K for all complex conjugations j ∈ Gal(N/Q).
Proof. The main ingredients in the proof are the Dirichlet unit theorem and the finiteness of Cl K,m and [E K , E K,m ]. The proof is well-known and we refer to [7] for more details.
We can now recall the notion of weight of an idelic Hecke character.
Definition 2.8. Let µ be an idelic Hecke character of K with infinity-type γ. It follows from Theorem 2.7, that there exists a unique integer ω satisfying (1 + j)γ = ωT K , for all complex conjugations j ∈ Gal(Q/Q). The integer ω is called the weight of µ (or of γ).
For example, the weight of the norm idelic Hecke character µ N is 2. Let us now suppose that M is another number field and that M ⊆ K. We have the restriction map res K/M :
whenever τ ∈ Σ K . It is a group morphism which is G Q -equivariant. We also introduce the corestriction map cor K/M :
whenever σ ∈ Σ M , which is also a G Q -equivariant group morphism. Now, still assuming that K and M are both number fields and that M ⊆ K, we have the usual continuous injective group morphism
We also have the norm map at the level of ideles which is also a continuous group morphism
If K is a totally complex number field, then its Galois closure N may or may not contain a CMfield. In the former case, we let N be the maximal CM -subfield of N and in the latter case, we let N be the maximal real subfield. By a maximality argument, the extension N /Q is Galois. We also let M = K ∩ N and if σ ∈ Σ M , we let Hom σ (K, N ) be the set of τ ∈ Σ K (N ) satisfying τ | M = σ. Proposition 2.9. The notation being as above, given any σ ∈ Σ M , the group Gal(N/N ) acts transitively on Hom σ (K, N ).
Proof. The proof is a simple exercise in Galois theory and is left to the reader.
We keep the same notation as above.
Lemma 2.10. Let K be a totally complex number field and let γ ∈ Im(δ), then γ ∈ Z K (N ).
Proof. Indeed, from Theorem 2.7, there exists a ∈ Z such that (1 + j)γ = aT K , for all complex conjugations j ∈ Gal(N/Q). Hence, if j 1 and j 2 are two complex conjugations of N , then
It follows from the remark following Definition 2.3 that γ ∈ Z K (N ), since Gal(N/N ) is generated by the elements of the form j 1 · j 2 , where j 1 and j 2 run over all complex conjugations of N .
Corollary 2.11. Let K be a totally complex number field and as above, let
Proof. This is a consequence of Proposition 2.9 and Lemma 2.10.
Because of this last corollary, given γ = τ ∈Σ K n τ · τ ∈ Im(δ), we can define
Proposition 2.12. With the notation as above, we have
If ω is the weight of γ, then (1 + j)γ 1 = ωT M for all complex conjugations j ∈ Gal(N/Q).
Proof. Points (1) and (2) are clear. Point (3) follows from point (2).
The following corollary is due to Weil. See [7] , page 4.
Corollary 2.13 (Weil)
. Let K be a number field.
(1) If K does not contain a CM -field, then every idelic Hecke character of K is of the form µ 0 ·µ a N , where a ∈ Z and µ 0 is an idelic Hecke character having trivial infinity-type. (2) If K contains a CM -field, then every idelic Hecke character of K is of the form µ 0 · µ 1 • N K/K CM , where µ 1 is an idelic Hecke character of K CM and µ 0 is an idelic Hecke character of K having trivial infinity-type.
Proof. Using the same notation as in Proposition 2.12, if K is totally complex, but K does not contain any CM -field, then M = K ∩ N is real. It follows from point (3) of Proposition 2.12, that (1 + j)γ 1 = 2γ 1 = ωT M . Hence, ω is even and
This last argument combined with Theorem 2.7 shows that if K is any number field not containing a CM -field, then Im(δ) = Z · T K . Then, if µ ∈ H K , one has γ µ = aT K for some a ∈ Z and thus µ · µ −a N is an idelic Hecke character of K with trivial infinity-type as we wanted to show. As for point (2), we proceed as follows. Let K be a number field which contains a CM -field and let µ ∈ H K with infinity-type γ. Then the field M = K ∩ N of Proposition 2.12 is K CM , the maximal CM -subfield of K. It follows from point (3) Proof. This is because the ray class groups are finite. We leave the details to the reader. This leads us to the following definition. For example, the norm idelic Hecke character µ N is in H K (Q). By restricting δ to H K (L), we obtain a group morphism
Theorem 2.16. Let µ ∈ H K (L) and suppose it has infinity-type γ and weight ω. Let ψ ∈ Σ L (C). Then, for all x ∈ J K , we have
where x 0 is the finite part of the idele x and | · | is the usual absolute value of C.
Proof. First of all, if µ 0 is an idelic Hecke character of K with trivial infinity-type, then µ 0 (x) is a root of unity. Hence, the theorem is clear if K does not contain any CM -field by Corollary 2.13. If K contains a CM -field, then let m be a modulus of definition for µ and let us suppose first that x ∈ J K,m . Using the fact that the group J K,m /K × (m)J K,m is finite, a simple computation shows that
Now, given µ ∈ H K , we let Q(µ) be the smallest number field containing µ(J K ).
Corollary 2.17. Let µ be an idelic Hecke character. If Q(µ) = Q, then Q(µ) is a CM -field.
Proof. We start by showing that Q(µ) is necessarily totally complex provided Q(µ) = Q. Let us suppose that ψ ∈ Σ Q(µ) (R) is a real embedding. It follows from Theorem 2.16 that
for all x ∈ J K . Since Q(µ) = Q, we necessarily have that ω is odd. If p is a prime ideal of K of absolute inertia degree 1 and x ∈ J K is such that ι K (x) = p, then we have µ(x) = ±p ω/2 , where p is the rational prime of Q lying below p. This is impossible, since there are infinitely many such primes p, but the degree of Q(µ) over Q is finite. Therefore, if Q(µ) = Q, then Q(µ) is totally complex. Now, let ψ ∈ Σ Q(µ) (C) be a complex embedding. From Theorem 2.16, we have
for all x ∈ J K . Thus, ψ induces a complex conjugation and moreover, this complex conjugation does not depend on ψ. Hence, Q(µ) is a CM -field by Proposition 1.2.
2.5. Hecke characters from the ideal point of view. The ideal version of an idelic character is given by the following definition.
Definition 2.18. Let m be a modulus of K and let γ ∈ Z K (L). A Hecke character of infinity-type γ with values in L is a group morphism χ :
One says that m is a modulus of definition for χ.
Hecke characters are just another way of viewing idelic Hecke characters. Proof. Given a triple (χ, γ, m) and x ∈ J K , one can find λ ∈ K × satisfying λx ∈ J K,m . The group morphism µ given by µ(x) := χ(ι K (λx))λ −γ is the corresponding idelic Hecke character. Starting with a triple (µ, γ, m), if a ∈ I K,m , then let x ∈ J K,m be such that ι K (x) = a. The corresponding Hecke character χ :
× is given by the formula χ(a) = µ(x). The details are left to the reader.
. Hence, because of Corollaries 2.13 and 2.17, the only interesting cases are when both K and L contain a CM -field.
Throughout §2.6, we assume that both K and L are number fields which contain a CM -field.
Theorem 2.20. Let µ ∈ H K (L) be an idelic Hecke character with infinity-type γ, weight ω and conductor f. If a ∈ I K,f and x ∈ J K,f is such that ι K (x) = a, then µ(x) is independent of the choice of x ∈ J K,f . Moreover, one has
Proof. One has a well-defined group morphism f γ :
. Since the ray class group Cl K,f is finite and I L is without Z-torsion, we can apply Lemma 1.1, and we deduce that φ γ (a) = µ(x) · O L , for all a ∈ I K,f , where x ∈ J K,f satisfies ι K (x) = a. This ends the proof of point (1). Point (2) is a consequence of Theorem 2.16.
is an idelic Hecke character with infinity-type γ and weight ω, then for all fractional ideal a ∈ I K , there exists ε(a) ∈ L × such that
Proof. Starting with a ∈ I K , there exists λ ∈ K × such that λa ∈ I K,f , where f is the conductor of µ as usual. Letting x ∈ J K,f be such that ι K (x) = λa, one can check that ε(a) = λ −γ · µ(x) ∈ L × satisfies both (1) and (2).
We can now give a characterization of the elements of Im(δ) ∩ Z K (L) which are in Im(δ L ). We saw the main argument of the proof in slightly different contexts in [5] and [8] , but we do not know who first came up with this argument using the m-th power residue symbol. Theorem 2.22. Let γ ∈ Im(δ) ∩ Z K (L) and suppose that its weight is ω. Then, γ ∈ Im(δ L ) if and only if given any fractional ideal a of K, there exists ε(a) ∈ L × satisfying
Proof. One direction is precisely Corollary 2.21. Conversely, let us suppose that points (1) and (2) are true. Choose an unramified prime ideal p of L which is of absolute inertia degree 1, is relatively prime to w L and satisfies
. This is possible because of Lemma 2.23 below. Let a, b ∈ Z be such that
and let us define m = p · O K , where p is the prime of Q lying below p. For a ∈ I K,m , we define
is the w L -th power residue symbol in the field L. We remark that if a ∈ I K,m , then (ε(a), p) = 1 and thus
makes sense. We show first that χ is independent of the choice of ε(a). Indeed, if ε (a) is another element in L × satisfying points (1) and (2), then they differ by a root of unity ζ(a) ∈ µ L because of Kronecker's theorem. Therefore, we have
A similar computation shows that χ : I K,m −→ L × is a group morphism. We will now show that there exists N ≥ 1 such that if λ ∈ K × m N , then χ((λ)) = λ γ . This will show that χ is a Hecke character. We showed that the values of χ are independent of the choice of ε(a); hence, we have
But this last equality is true if and only if β is a w L -th power in L × p , where L p is the completion of L at p. The existence of the integer N follows from Lemma 2.24 below.
The existence of an idelic Hecke character having the desired properties follows from §2.5.
Lemma 2.23. A number field L has infinitely many prime ideals p of absolute degree 1 such that
(1)
Proof. See Lemma 4 of [6] . Proof. We refer to the paragraph following Proposition 2 in Chapter 2, §2 of [3] for a proof.
Iwasawa's theorem
We can now formulate our generalized version of Iwasawa's theorem. This theorem is useful, because it says that in particular cases, point (2) of Theorem 2.22 is automatically satisfied and does not have to be checked in order to guarantee the existence of an idelic Hecke character. Hence, in some cases, one just has to check the two conditions
in order to get the inclusion γ ∈ Im(δ L ).
Let K and L be number fields. Following Iwasawa, we define the group
Corollary 2.21 implies that Im(δ
Hence, throughout §3, we assume that K is a number field containing a CM -field, and we will also assume that L is a CM -field, because of Corollary 2.17. We also let N be the smallest Galois extension of Q inQ containing both K and L. Let E + denote the subgroup of E L + consisting of totally positive units and setĒ L = E + /E 1+j L , where j is the unique complex conjugation of L. Iwasawa proceeds and defines a pairing A K,L ×Cl K −→ E L as follows. Given γ ∈ A K,L , it follows from Theorem 2.7 that there exists an integer ω ∈ Z such that (1 + j )γ = ωT K , for all complex conjugations j ∈ Gal(N/Q). Moreover, for all fractional ideals a of K, there exists α ∈ L × such that φ γ (a) = (α) by definition of A K,L . Hence, (α 1+j ) = φ γ (a) (1+j) = (N(a) ω ).
Given γ ∈ A K,L and a ∈ I K , Iwasawa defines [γ, a] := N(a) −ω α 1+j ∈ E + . Using the group morphism (3), it is simple to check that this correspondence induces a well-defined pairing A K,L × I K −→Ē L . Moreover, if a is a principal ideal, then [γ, a] = 1. Hence, we obtain a pairing 
Proof. Because of point (1) of Theorem 2.22, it is clear that Im(δ L ) is contained in the annihilator of Cl K . Conversely, suppose that γ ∈ A K,L is such that [γ, C] = 1, for all C ∈ Cl K . This means that given a fractional ideal a ∈ I K , there exists a unit u(a) ∈ E L such that N(a)
−ω α 1+j = u(a) 1+j , where φ γ (a) = (α) as above. Let ε(a) = u(a) −1 α. Then φ γ (a) = (ε(a)) and |ε(a)| v = N(a) ω for all infinite places v of L. It follows from Theorem 2.22 that there exists µ ∈ H K (L) whose infinity-type is γ. This means that γ ∈ Im(δ L ) as we wanted to show.
Corollary 3.2. If h K is odd or
Proof. This is clear, sinceĒ L is annihilated by 2.
